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1. (a) Define the term group.
(b) Show that the cancelation laws hold in a group.
(¢) In a group G, prove the following:
L@ T=aforallacg, ;
i (ab) =b"la" forall a.b € G.

(d) If a® = e for all elements a in a group G, then show that G is abelian. Ty

2. (a) A nonempty subset H of a group G is a subgroup of G if and only if a,b € H implies
that ab~' € H for every a,b € H.

(b) Let H be a subgroup of a group G. Prove that the identity element of H is the same
of the identity element of G.

(¢) Let a be & fixed element of a group of G. The centralizer of a in G is
Cla) ={g € C | ga=ag).
Prove the following:

1. C(a) is a subgroup of G,
. Cla) =C(a™).
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(a) Define the term right coset of a subgroup H in a group G.

(b) Let H be a subgroup of a group G and ¢1, 9, € G. Prove the following:
. Hg=H if and only if g € ,
ii. Hgy = Hg, if and only if g19;" € H.

(c) Let H be a subgroup of a group G such that g'hg € H for all h € H and g€G.
Show that every left coset gH is the same as the right coset H g.
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(a) Define the term homomorphism between two groups.

(b)

Let ¢ : G — G’ be a homomorphism of a group G into a group G'. Prove the
following:
i. if e is the identity clement of G, then ¢(e) is the identity eleinent of G,
ii. if g € G, then ¢(g7) = (¢(g)) 71,
ili. if G is abelian, then ¢(G) is abelian.
iv. if G is cyclic, then ¢(G) is cyclic.

Let G = R under addition and let H = R™ under multiplication, and let ¢ : G — H
be a mapping defined by ¢(z) = e*. Then show that ¢ is a homomorphisim.

3 , 5 i
Define the term normal subgroup of a group.

Show that the intersection of two normal subgroups is a normal subgroup.

If H is a subgroup of G and K is a normal subgroup of GG, then show that H N K is
a normal subgroup of H.

If N and Af are normal subgroups of a group G, show that *
NM ={nm|neNme M}
is also a normal subgroup of G.

Define the term factor subgroup of a group.

Prove that a factor group of a cyclic group is cyclic.

If H is a subgroup of an abelian group G, then show that the factor group G/H
must be abelian. »

Let N = (6) = {0,6,12} be a normal subgroup of G = Zjg. Find the elements of
the factor group G/Z.
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