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1. (a) Let A g C be an open set and let f , A -+ C.

analytic at zs e A.

Define what is meant by / being
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dz.

(b) Let the functiort f (z) : u(n,g)+i,u(n,'g) be defined throughout some e-neighborhood

of a point z0 : fra * i'go. Suppose that the first order partial derivatives of the

functions a and u with respect to r and g exist everywhere in that neighborhood

and that they are continuous at (ns,ys). Prove that, if those partial derivatives

satisfy the Cauchy-Riemann equations

0u 0u 0u 0u

or:N; oa:-o*
at zs: ro * i,Ao, then the derivative f!@) exists.

(c) Define what is meant by the function h : lR2 -+ 1R being harmonic.

Find the harrnonic conjugate of e-3' cos(3g).

:

t-' 2. (a)

i

i

, (b)

I

i. Defi.ne what is meant by a path I : la,0l

ii. For a path 1 and a continuous function /
+C.

i1-+C,define ItOl
J.Y

Let D(a;r) :: {z e C : lz - al < r} denotes the open disc with center

radius r > 0 andlet/beanalyticon D(a;r) and0 < s < r. Prove

Integral Formula,

fMarks 10]

aeCand

Cauchyts

f( ' 1 f f(4-4r, for zse D(a;s),zo) : 
zn,i J"@,,)7- ,o

where C(a;s) denotes the circle with center a and radius s > 0. [M.arks^401



(c) Let C(0;1) be the unit circle z : eit, 0 < t < 2zr. Find the integral

dz

(z-t)(z-2)(r*3)'
z*I

7A1

(z-2)(z-;)
Hence find that

5 * 4cos*

State the Mean-Value Property for Analytic Function.

i. Define what is meant by the function / : C + C being entire.

ii. Prove Liouvillets Theorem: If .f is entire and

l"r*,

max{l/(t)l : ltl : r} J o, as r _+ oo, Ir

dt

I,*

3. (u)

(b)

4. (u)

then / is constant.

(State any results you use without proof).

iii. Prove the Maximum-Modulus Theorem:

nected set A. Let 7 be a simple closed path

inside, in A. Let

Let f be analytic in an

that is contained, together

no '- sup lf @1.
ze1

If there exist zg inside 7 such that l/(ze)l.: M, then / is constant

A. Consequentlg if / is not constant in 4, then

lf Q)l < M forall z inside 7.

Let d > 0 and let / : D*(roid) -+ C, where D*(tr;d) :: {z: A <

Define what is meant by / has a pole of order m, at zs.

Prove that if ord(/, ,o) : rn then f (r) : (t - ,r)* g(z) for all z e

some d > 0, where g is analytic in D*(zs;d) :: {z:0 <lz- aol < d}

t- - t

la - 401

(b) D. (zs;6)

and g(zs)

[Mar

(c) Find the residue of the following functions:
. z*3
t 

-r

'' -2 q-1
L _LL

e'\
m' ,*, - 1yi

,
ll.

lV.



Let / be a analytic in the upper-half prane {z : rm(z) > a}, except at finitely manv

points. none on the real axis. suppose there exist M, R > 0 and o ) 1 such that

lf @l* #, lrll R with Im(a) > o.

Prove that

t,: 
f_:r@) 

d,r

converges (exists) and

I : 2ri, x Sum of residues of / in the upper half plane.

lMarks 401

Hence evaluate the integral

(*, +z)(r2 +z)

(You may assume without proof the Residue Theorem). fMarks 60]

6. (a) state the Principle of Argument Theorem iMarks 10]

(b) Prove Rouche's Theorem: Let 7 be a simple closed path in an open starset A.
Suppose that

i" f , g are analytic in A exc;ept for finitely many poles, none lying on 7.

ii. / and f + g have finitely many zeros in ,4.

iii. ls(z)i < if (r)1, , e j.

Then

dr.
,

J"

f,*

(.)

(d)

zP(f + s;7): ZP(f ;il,
where ZP(f + g;i and Zp(f;7) denotes the number of zeros

inside "y af f * g and / respectiveiy, where each is counted as

order.

State the Fundamental Theorem of Aigebra.

Determine the number of zeros of the polynomial g(r) : 224 _ 2zs

in the disc lzl : 2.

- number of poles

many times as its
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lz2-z*9lie
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