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1. Define the term metric space. | [10 marks]

(a) Let X be any non-empty set and d is a metric defined over X. Show that

d )
—— | is also a metric over X. 125 marks]
1+d
(b) Let (X, d) be a metric space and let 4 be a subset of X. Define the terms open

ball, interior point of A, and interior (A°) of A. [15 marks]
In a metric space, prove the following: d

i. the intersection of a finite number of ‘open sets is open; [30 marks|

VL
i. the union of a finite number of closed sets is closed. [20 marks]

" 2. Define the terms separated and disconnected as applied to subsets of a metric

space. [10 marks]|

L d.

(a) Prove that two closed subsets of a metric space are separated if and only if they

are disjoint. [20 marks]

(b) A metric space (X, d) is disconnected if and only if it can be written as a union

of two non-empty disjoint closed sets. 135 marks|

(c) Continuous image of the connected set is connected. [35 marks]



3" Define the term compact as applied to subsets of a metric space. [15 marks]

(

)

(b)

~
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Show that every compact subset of a metric space is closed and bounded.

[45 marks]
Prove that every closed subset of a compact space, is compact. [20 marks]
Let f be a continuous function on a metric space (X,d). Prove that if AC X is
compact, then f(A) is compact. [20 marks]

4. Define what is meant by a continuous function between two metric spates.

[10 marks]

(a) Let (X,d,) and (Y,d,) be two metric spaces, and let f: X — Y be a function.

Prove that f is continuous at a € X if and only if for every sequgnce {an} in X

converging to a implies that {f(as)} converges to f(a). [30 marks]

(b) Let (X,d,) and (Y,d,) be two metric spaces and let f: X — Y be a function.

Show that the following statements are equivalent:
i. f is continuous;
ii. f~1(G) is open in X whenever G is open in Y’;

iii. f~}(F) is closed in X whenever F is closed in Y; [60 marks]



