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1. (a) 1. Define vector addition and scalar multiplication on a set

V={z:zeR,z> 0} as follows:
r@y=azyand a@r=x“Vr,y €V, Va e R.

Show that (V, 0, ®) is a vector space over R.
ii. Let Z* be the set of tuples of integers with vector addition ‘+’and scalar

multiplication ¢ . ” are defined by
(,m,n)+(',m' ,n )=+, m+m ntn),

a.(l,m,n) = ([a] I, [a] m,[a] n)
where [a] is the integer part of o and [, m,n,l,m',n’ € Z.
Is (Z3,+,.)-a vector space over the field R? Justify your answer.
(b) Which of the following scts are subspaces of R®. Justify your answer for each casc.
i, {(kd,m) & =m'k

ii. {(a,b,¢):a®+b*+c* <1}



2.

(a) Define the following:
i. a linearly independent set of vectors;
ii. a basis of a vector space;

(b) Let V be a vector space. Show that

i. any lincarly independent set of vectors of V may be extended to a basis for
¥

ii. if L is a subspace of V, then there exists a subspace M of V suc':h that
V = L @& M, where @ denote the direct sum.

(¢) Let V be a vector space over the field F.

i. let {u1,us, -+, us} be alincarly dependent subset of V/ with cach u; # 0, 7 =
1,2,---,n. Prove that, there exist u; (2 <4< n)is a linear co}nbinatiorl of
the preceding vectors.

ii. let S be a subset of V and w,v € V. If u € (SU{v}) and u ¢ (S), then prove
that v € (SU {u}).

(a) Define:
(i) Range space R(T);
(i) Null space N(T')
of a linear transformation T from a vector space V' into another vector space
W.
Find R(T"), N(T) of the lincar transformation T': R3 — R3, defined by:
T(z,y,2) = (€ +2y+3z, -y + 2,2 +5y+52) YV (v,y,2) € R
Verify the equation, dim V = dim(R(T)) + dim(N(T')) for this linear trans-
formation.
(b) Let T : R® — R3, defined by T'(z,9, z) = (¢ +2y,x +y+2 2 bealincar
transformation and let By = {(1,1,1), (1,2,3), (2,~1,1)} and
B, = {(1,1,0), (0,1,1),(1,0,1)} be bases of R3.

i. find the matrix representation of T with respect to the basis By;
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ii. using the transition matrix, find the matri

to the basis Bs.

(a) Define the following terms:

(i) elementary matriz;

(ii) row reduced echelon form of a matrix.

(b) Let A be a non-singular matrix. Prove the following:

(i) A™' can be obtained by applying the same clementary row

transform A into identity matrix;

x representation of T' with respect

operations when

(i) if B is a matrix obtained by performing an elementary row operation on A,

then A and B have the same rank.

(c) Find the rank of the matrix
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(d) Find the row reduced echelon form of the matrix
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