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Answer All Questions Time Allowed: 3 Hours

Q1. (a) State the necessary and sufficient condition for the differential
equation (DE)

M(z,y)dzx + N(z,y)dy =0, ' (1)

to be ezxact. - 10 Marks]

-

(b) Verify that the condltlon for an exact differential eguatlon (DE)
is satisfied by

[M(z,y)dz + N(z, y)dy]ef fl@ydz _

. 3
i oM _ ON >
e By =~ Oz Nf( )- ’ ¢!
[20 Marks|

Hence show that an integrating factor can always be found for the

DE (1) if
1 (oM _ON
N 5y " r

is a function of = only. [10 Marks]
Hence using this method solve the following DE

(y? + 3zy + 2y)dz + (zy + 22 4+ x)dy =0.

[30 Marks]



(¢) If, tanz, is a particular solution of the following nonlinear Riccati
equation

Zoyp-1=0, )

then obtain the general solution of the equation (2).
[30 Marks|

B : d
Q2. (a) If F(D) = Zp,»D’, where D = — and p;, 4 = 1,... n, are
s dz
constants with py # 0, prove the following formulas:

(1) me = Fae where « is a constant and F(a) #0;

(ii) "V = e"x_—h—l V,

FD+a) "’

7D where V' is a function of r.
\
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[40 Marks]

(b) Find the general solution of the following differential equations by
using the results in (a):

(i) (D*=2D? + 1)y = 40 cosh i

(i) (D —6D -+ 13)y = 8¢3 sin 2¢. .
[60 Marks]
Q3. (a) Let z = e'. Show that Y
d d? .
—=D, P—==D*-D
Tz T ’ 3
and ' +
~ 2 )
3&—DD 1)(D -2 |
- o5 =D(D - 1)(D -2,
d
where D = e (20 Marks]

Use the above results to find the general solution of the following
Cauchy-Euler differential equation

(®D? + 32D + 2D + 8)y = 65 cos (log ),

d

where D = —. [40 Marks]
. dx 7

(b) Define what is meant by orthogonal trajectories of curves.

[10 Marks)]
Find the orthogonal trajectories of the family of curves
ab
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where a is a constant.
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Q4. (a) Define what is meant by the point, ‘z = zy’, being

R CNSSETSER

(i) an ordinary ;
(ii) a singular:
(iii) a regular singular
point of the DE
V' +p@)y +g(x)y =0,

where the prime denotes differentiation with respect to z, and
p(z) and ¢(z) are rational functions.

[30 Marks]
(b) (i) Find the regular singular point(s) of the DE
dxy” + 2y — Ty = 0. (3)

(ii) Use the method of Frobenius to find the general solution of
the equation (3).

[70 Marks]

Q5. (a) Solve the following system of DEs: .7
Q) de dy dz ' 4 -
1~ -2 3aZsin(y+ 2z)’ )
& d d
G3) dz 1’ Y _ z

2+y?-yz zz—22-y2 z(z—y)

[3(})\/Iarks]

(b) Write down the condition of inteérability of the total i:li?ferential

equation
e
P(z,y,2)dz + Q(z,y,2)dy + R(z,y, z) dz = 0.

'5 Marks]

Hence solve the following equation
(yz + zyz) de + (zz + zy2) dy + (xy + zyz) dz = 0. (4)
(You may use the integrating factor y = 1/ (zyz) for equation (4).)
. 15 Marks|

(c) Find the general solution of the following linear first-order partial
differential equations:



(i) 2*p+y%q = =&
(M) 2(y? — 22)p +y(2? - 22)g = 2(2% — 42),
[30 Marks|

(d) Apply Charpit’s method or otherwise to find the complete and
the singular solution of the following non-linear first-order partial
differential equation

2rz — pr? — 2qxy + pq = 0.

0z
Here,p:g»j;andq:@. .
[20 Marks]
Q6. (a) Utilize the Fourier series of the function
f(£)=I$I~ —1l<z<1,
to show that _
(-1 -1 2lz| - 1)x2
Z g ——cosnrr=-——" /"
= n 4
_[20 Marks]
Hence deduce that -, #
i o ey 01 N _
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‘ [20 Marks]
(b) Use Fourier transform to solve the one-dimensional heat equation
ou 92U
AT 3
subject to the boundary conditions ! . ;’
21
p U0,8) =0, U(x,0)=¢"%, >0
and U(z,t) is bounded where z > 0 and ¢ > 0.
[40 Marks)

(¢) (i) Define the gamma-function T'(z) and beta-function B(m,n),
where m, n are positive integers.
(i) Evaluate the integral

/ ® olnf do.
0

(You may use the following results without proof

B, B) = %(T%%%)

[20 Marks]
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