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1. (a) For any integers a,b, ¢, prove the following;
i. if a|b and alc, then a?|be; ‘
ii. alb if and only if ac|bc, where ¢ # 0. ' "

l¢ (b) Prove the following properties of the greatest common divisor:
i, if ged(a,b) = 1 and ged(a, ) = 1, then ged(a, bc) == 13
ii. if ged(a, b) = 1 and c|(a + b), then ged(a, ¢) = ged(b, c) = 1.
(c) Determine all solutions in the positive integers of the following Diophantine equation
i
54z + 21y = 906. 3
: : «

2. (a) Sglve the following linear congruences: ) «

i, 6z = 15(mod 21);

ii. 34z = 60(mod 98).
(b) Solve the following set of simultaneous congruences:
z = —2(mod 5)
r = 3(mod 2)
2z = 2(mod 7)
%

= —18(mod 11).




Define the term group.

Show that the set Z of all integers is an abelian group with respect to the ope:
* defined by
axb=a+b+1 VYa,beZ

i. Show that the identity element of a group is unique.
ii. Show that a group G is an abelian group if (ab)® = a®® for all a,b € G.

Let H be a non-empty subset of a group G. If ab~! € H for each a,b € H,
prove that H is a subgroup of G, where a~ ! is the inverse of a.

Let H be a subgroup of G and let g € G. Show that
gHg™ ' ={ghg™" : he H}

is a subgroup of G.
Prove that if H and K are subgroups of a group G, then H N K is a subgroup



