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(a) Define a uector space.

(b) Let v : {r : r } a,z e R}" Define the a<icrition
"O" on V as foilows:
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"O" and*the scer,lar muliipiication

t
ir (E:LJ : r,!J

aQ) r: ro 1
V r,y € V and" V a e lR. prove that (V,O, O) i, u _u""to, spbce 

",,tJ 
re

(c) Let A' n d" t*nsitbspaces of a vector sp'ce v over a fierd F. prbve the fblbwing:
i' A + B is the sma*est subspace of z containing both A and E.
ii: H (W1): .,{ and (Wr) :8, then (lVt u Wz) : A + B,where Wr,Wz C V.

(a) Let v bc an 
'-rrimensionar vec[or space. prove the folrowing:

(i) A lineariv indepencient set of vectors of 7 with n eiements is a basis tor v.
(ii) Any linearlv indepenrient set tf vectors of v canrre exte'deci as a basis fbr z.

) Let Iz be a vector space over a field i,.
i' rf u1'uz'"')Ltm are linearlrr dependent vectors and o1 ,1J2,,..tUm_Lare rinearly

independent vectors, then prove that u^€ ({r, ,u2,.. . ,,u,,_t}).



11.

i11.

Let u1,rl2t' ' ' ,Lr, be lineariy independent vectors in I/ and let u(10) e v. prove

that u", € ({;, 14,'t12,..-,u;r}) for some integer i, where I { i. S r if and only

If u € \{ut,ur,' . .,u,}) 
"

Let, us and o6 be lineariy independent vectors of I and Iet w1 : &,uo * buo and

1.)1: cus*dus,where a"b,c,d e F. Prove that u1 and tri are linearly independent

if and only if ad - bc I A.

State and prove lhe dimensi,on Lheorern for two subspaces of a finite dimensicnal

vector space.

If "L is a subspace of a vector space { prove that there exists a subspace M ofV

such that V : L @ M, where O denotes the direct sum.

i. tr et (h ancl. {Jz be two subspaces of a vector space V. Ii dim(12: b, drm(J2 : \,

diml/ : 6, show that {-,t1O [/z contains a non-zero vector. a.(: 'lii. Let F" : I Lon*' : ai elR, n € N I Ue the set of all polyfiomiais of
(;:o )

3. (u)

(b)

(.)

degree ( n with real coefficients.

A. If S : {Z,n,n - r2,r *r2} is a subset of F2, then find the di*ension oft(s) . ' t{
I

B. Show that B : {1, (" - 1), (* - I),,(, - t)u} is a basis of p:. ,

4. (a) Define the range space, fi(?) and the Nult space,l/(") of a linear transformation ?

from a vector space 7 into another vector space i4l,

(b) Find ??(T) and 1{(7) of a linear transformation 7 : R3 * R3, defined by:

''v T(*,A,2): (r*2y*32,r - U* z,r*by+Sz) y (r,kz) e R3.

Verify the equation, dim V : dim(Ii(f))+ dim(,n/(?)) for this linear transfcrrmation

7, where 7: R3.

(c) Let 7 : R3 *' lR.3 be a linear transformation defined by:

T(r,y,z): (r*2A, r+A* z, z) and let Br: {(1, 1,1), (1,2,3), (2,-1,1)} and

Bz: {(i, 1,0), (0,1, 1),(1,0, 1)i bebasesforR.s. Findthefollowing:



(i) The matrix representation of 7 with respect to the basis 81;

(ii) The matrix representation of 7 with respect to the basis 82 bv using the tran-

sition matrix.

Find the row reduced echeion form of the matrix

1 1 1 1 -1
1133 0

2133-1
2111-2

Find the rank of the matrix

By applying appropriate row(column) operations, prove that the determinant of the

l
t

p{
/

13 -25 4

L 4 1 3 5'
14243,,
27 -3 613

( 
']"' 

'1,.,, j", 
)

canbeexpressed as r,1r2rs(r* !+ I + 1), 
*n"re n1,n2,,r3 € IR \{0}- -\ ry 12 ,s/

State the necessary and sufficient condition for a system of iinear equations to be

consistent.

Reduce the augmented matrix of the following system of linear equations to its
row reduced echelon form and hence determine the conditions on non zero scalars

rtrrrtnr2,(tr2r,a22,b1 and b2 Such that the system has

(i) a unique solution;

(ii) no solution;



(iii) rnore llian one soltltion

&:tx)t*0'Pr2 : bt

{tzt.ut*azzrz : b2'

(b) Shov,, that tire system of equ:r'tions

11 _ 3n2{:t:3*un4: b

rv-2:r2-F (a- 1)r3 -ra : 2

Zrt*5:12*(2-cr)r3*(a-1):ra : 3tr+4 
1

is consistent, fbr atrl ".rahies of l; wheri a * I' Flnri the value of b fomrhich t'he svsten -"0

is cr;nsistcnt whr:n tl : 1 anrl cbtain ihe general solution for this '"'alue'

(c) prirve Crarri,nter.'s ririe iol i]'t.'i matrix anci use it to soLve the 
lllo11ing 

s;'stem of

ll;:eal equations: ; ,,

ri*Zt:2*nz : 2 
"

2r1* 12 * 7Ar4 : 4

1
2r1* 3:n2 * :t:g : .2' *"

*{


