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' (a) Define a vector space.

P
-

b) Let V = {z: 2 > 0,z € R}. Define the addition “

®” and the scalar multiplication
‘©" on V as follows:

E
TOyY=ay
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a®r =zg% 3
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Vo,ye VandVa e R. Prove that (V, @, ®) is a vector space overf R.

() Let 4, B 6;: two subspaces of a vector space V over a field F. Prove the following:

L. A+ B is the smallest subspace of V' containing both A and B.

i I (W7) = A and (Wa) = B, then (W, UW;) = A + B, where Wy, W, C V.
{8) Let V be an n—dimensional vector space. Prove the following: :

(i)

(i) Any linearly independent set of vectors of V can

A linearly independent set of vectors of V with n elements is g basis for V.

be extended as a basis for V.

b) Let V be a vector space over a field F.

LIf vy, vy, U are linearly dependent vectors and vy, vy, - - -, Um—1 are linearly

independent vectors, then prove that Um € ({vg,vg, -+ - s Uy F )



(a)

ii. Let uq,us, -+, u, be linearly independent vectors in V and let u(# 0) € V. Prove |
that u; € <{u, Uy, Us, - -+, Ui—1 }) for some integer i, where 1 < i < r if and only
if ue ({ur,ug, -, u}). |

iii. Let ug and vy be linearly independent vectors of V, and let u; = aug + bvg and

v = cug+dup, where a,b, ¢,d € F. Prove that u; and v; are linearly independent

if and only if ad — be # 0.

State and prove the dimension theorem for two subspaces of a finite dimensional

vector space.

If L is a subspace of a vector space V, prove that there exists a subspace M of V

such that V = L @ M, where @ denotes the direct sum.

1. Let U; and U, be two subspaces of a vector space V. I dimUy = &, dimlU, = 4,

dimV = 6, show that U; N U, contains a non-zero vector. .
n

ii. Let P, = Z ez’ g, €Rne N} be the set of all polyfiomials of
=0
degree < n with real coefficients.

A IS ={2,z,z — 2 z + 2} is a subset of ?Pg, then find the di%ension of
(S). , oot
S
B. Show that B = {1, (z — 1), (z — 1)%, (z — 1)} is a basis of P5. °

Define the range space, R(T') and the Null space, N(T) of a linear transformation T

from a vector space V into another vector space W.

Find R(T) and N(T) of a linear transformation T : R? — R3, defined by:

T(r,y,2) =(x+2y+32z,2 —y+z,z+5y+52) V(z,52) € R®. 6.
Verify the equation, dim V = dim(R(T')) +dim(N(T")) for this linear transformation
T, where V = R3,

Let T : R® — R3 be a linear transformation defined by:
T(z,y,2)=(z+2y, z+y+z 2) andlet By ={(1,1,1), (1,2,3), (2,-1,1)} and
By = {(1,1,0), (0,1,1),(1,0,1)} be bases for R?. Find the following:



(i) The matrix representation of 7' with respect to the basis By;

(ii) The matrix representation of 7' with respect to the basis B, by using the tran-

sition matrix.

. (a) Find the row reduced echelon form of the matrix

1111 -11
1133 0 2
2133 -13
2111 -2 4
(b) Find the rank of the matrix

13 -2 5 4

14 13 5 .
14 2 4 3.|
(27 -3613 ) |,

(¢) By applying appropriate row(column) operations, prove that the determinant of the
matrix 1

v Y
. s f

~ 1+z; 1 1
1 14z 1
. 1 1 1"‘1‘3

1 1 1
can be expressed as x;z,x3 (1 + — 4 — -+ —>, where 21, 29,23 € R\ {0}.
Ty i) T3 :

. (a) State the necessary and sufficient condition for a system of linear equations to be
consistent. ¢
Reduce the augmented matrix of the following system of linear equations to its

row reduced echelon form and hence determine the conditions on non zero scalars

11, @12, @91, A2z, b1 and by such that the system has

(i) a unique solution;

(ii) no solution;



.

(iii) more than one solution.

0,11$1+a12$2 = by

ao1L1 T 0Tz = bg.
(b) Show that the system of equations

71— 3T+ a3tary = b
1, —2z9 + (@ — 1)z — %4 = 2

9y — Bzy+ (2 —a)zz + (0= 1)zy = 3b+4

is consistent, for all values of b when o £ 1. Find the value of b for which the systen

is consistent when o = 1 and obtain the general solution for this value.

(c) Prove Crammer’s rule for 3 x 3 matrix and use it to solve the following system d
s #

-

linear equations:

T+ 2@+ = 2 %
21131‘{"1'2-‘“10333 = 4

2331 +3$2 =Ty = 2.




