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Q1. (a) State the necessary and sufficient conditién for the differential
equation 5

M(z,y)dz + N(z,y)dy =0

to be exact. 3 [10 Marks]
Hence solve the following differential equation

/2 +y2—y)dr+ (yvz?2+y?—z)dy=0.
(2v )dz+ ( )

[20 Marks]
(b) By differentiating the equation
F(x
fxy+ (y>+1ogf=c,
— F(z Ty Yy
. . » 1 . .
where C is a constant, verify that is an inte-

zy{ f(zy) — F(zy)}

grating factor of the differential equation



yf(zy) dz + zF(zy) dy = 0.

[20 Marks|
Hence solve the differential equation

y(1 + 2zy) dz + (1 — zy) dy = 0.

[20 Marks]

(c) If y; = 2z is a particular solution of the following non-linear Ric-
cati differential equation

dy _

2 — 2zy + 97,
T Ty +y

obtain the general solution of the differential equation .
. [30 Marks|

n A d : y
2. If F(D) = iDZ, h D= — d i,'zl’_”’ 5
Q2. (a) (D) ; D where - and p ‘z | n, are
constants with pg # 0, prove the following formnlas:

: 1 i . :
— "= ——¢%", wh tant and F 3
(i) F(D)e F(a)e , where « is a constant an éa}#o,

1 1
(i) F(D) BT = eazm V, where V is a function of z.

[40 Marks]

(b) Find the general solution of the following differential equations by
using the results in (a).
(i) (D*—2D?+ 1)y =40coshz.
(i) (D3 —3D? — 6D +8)y = ze>".

[60 Marks|
Q3. (a) Let z = €’. Show that .
d d
& =B P —D
Tz T g2 ’



and

°’— =D(D - 1)(D - 2),
d
where D = 7 [20 Marks|

Use the above results to find the general solution of the following
differential equation

n ! d
23y +zy —y=3z*, where '= e

[30 Marks]

d
(b) With D = I solve the following simultaneous differential equa-
tions

Pe—aly =0, -

PPy tolz =0. .

[50 Marks]

Q4. Use the method of Frobenius to find the general solution of

»
d*y . dy
-1 27 J 2 _ 4 - -
(z—-1) d$2+(3x m+1)da: 2y=0
by expanding about z = 1. [100 Marks|
Q5. (a) Solve the following system of differential equations:

() dx B dy B dz ‘

sy —22)  y(z2—2?)  2(z?-y?)
(i) dz B dy B dz

o(yd —223)  y(2P —a?)  9z(a® - yP)

[30 Marks]



Q6.

(b) Write down the condition of integrability of the total differential
equation

P(z,y,2) dz + Q(z,y,2) dy + R(z,y,2) dz = 0.

[5 Marks]
Hence solve the following equation

(yz + zyz) dz + (22 + zyz) dy + (zy + zyz) dz = 0.
[15 Marks]

(c) Find the general solution of the followmg linear first-order partial
differential equations:

@) y—2p+(z—2)g=y—x;

(ii) (2 +9* - yZ)p {2+ 8y2 zz)q = 2(x — y);
z

andq~8
Yy

where p =

52
-~ [30 Marks|

(d) Apply Charpit’s method or otherwise to find the complete and
the singular solution of the following non-linear ﬁrst order partial
differential equation

p(¢?+1)+ (b—2)g=0.
9z )
3y .

= 0_; and ¢ =
[20 Marks|

(a) Prove that if —7 < 2z <7 and a is not an integer, then

cosaxr =

2a sin amw 1 Ccos ¥ " cos 2z
2¢2 a?2-1 a2—-4 |-

T
[20 Marks|
Use the above result to show that
(-1
=1+2
sin am T Z - n2
[20 Marks|



(b) Use Fourier transform to solve the one-dimensional heat equation

U _oU
ot T oz

subject to the boundary conditions

0,

U0,4) =0, Ulz,0) =", @>0

and U(x,t) is bounded where z > 0 and ¢ > 0.

[50 Marks]|
(c) Prove the following identities for Bessel functions:
(1) Jou(z) = (=1)"J(2), v =1,
(i) J; = 24(@) = =T (@),
[10 Marks]



