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1. (a) Define the term eigenvalue and eigenvector of a linear transformation.

Find the eigenvalues and eigenvectors of the matrix

-

1 -1 1<
-1 1 1

=1 =13 L)

(b) i. Prove that eigenvectors that corresponding to distinct eigenvalues of a

linear transformation T : V' — V are linearly independent.
ii. Show that 0 is an eigenvalue of 7" if and only if 7' is singular.
iii. Suppose A is an eigenvalue of an invertible operator 7. Show that A™! is

an eigenvalue of T !.

(c) Orthogonally diagonalize the matrix

01 1
A=1 10 1
110



2. Define the term minimum polynomial of a square matrix.

(a) State the Cayley - Hamilton theorem.

Find the minimum polynomial of the square matrix

21 0 0
02 0 0
00 1 1
00 —2 4

(b) Prove that for any square matrix A, the minimum polynomial exists and

unique.

0
(c) Let M = . where A and B are square matrices. Show that tl
0 B

minimum polynomial m(t) of M is the least common multiple of the minimu

polynomials g(t) and h(t) of A and B respectively.

3. (a) Find an orthogonal transformation which reduces the following quadratic for

to a diagonal form

522 + 622 4 712 — 4717 + 4z9z5= 1.
(b) Simultaneously diagonalize the following pair of quadratic for{ns
¢ =22 — 13— 222 — 231T5 + 42223,
¢y = x2 4 223 + 223 — 22135 — 23273,

4. (a) What is meant by an inner product on a vector space.

Let z = (.’El,.’Ez, "'73;71)’ Y= (y17y25 ;yn) € Rn) where z;, y; € Ra i=1,2,.,

Let the inner product < .,. > be defined on R™ as

n
<z y>=zy = in?%-
. i=1
Show that (R", < /,.>) is an inner product space.
(b) State and prove Cauchy Schwarz Inequality.
(c) State the Gram Schmidt Process.

Find the orthonormal set for span of M in R*, where

M ={1,0,-1,007,(0,1,2,1)7, (2,1, -1,0)T}.



