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1. Staie what is meant by

a group G;

a subgroup H of a group G.

Lel, H be a non emptSr subset of a group G. Prove that ,FI is a subgroup of G

if only tf ab-I € /{ for aIl a,b e H.

Let fl be a non-empt)' subset of a group G. Prove that H is a subgroup of G

if and oniv if 17H-r : H.

Let H and K be two subgroups of a group G. Ptove lhat H K is a subgroup

ofGifandonlyifHK:KH.

I 2. State and prove the Lagrange's theorem for a finite group.

(a) In a group G, H and K are different subgroups of order p, where p is a prime

number. Prove that 1{ )K: {e}, where e is the identity element of G.

(u)

(b)

(.)



(b) Let G be a non-abelian group of order 10. Prove that G contains at least one

element of order 5.

(c) If every non-identity element of a group G has order 2, then show that G is

abelian.

3. State what is meant by a normal subgroup of a group G.

(a) Let d,G ---+Gtbeahomomorphismof agroup Gonto agroup Gr. Prove

the following:

i. ker/ : {g e C I db) : "t} is a normai subgroup of G, where e1 is an

identity element of G1;

ii. if H is a normal subgroup of G, then /(11) is a normal subgroup of G1.

(b) Let G be a group. Prove that for any non-empty subset'H olG,,

N(11) : {r e G I rH : Hr) is a subgroup of G' :
For any subgroup H of G, prove the following:

,,

i. // is a normal subgrouP of ,n/(H);

ii. l/(H) is the largest subgroup of G in which 11 is normal; h

lli. H is a normal subgroup of G if and only if ,^/(11) : G'

4. (a) State and prove the first i,somorphi'sm theorem.

(b) Let H and K be two normal subgroups of a group G such lhat' K C /1. Prove

that

i.K<H;
HGt.K3k,
GIK G\1i iTo rr.



(a) Define what is meant by the p-7roup.

Prove the foliowing:

i. every subgroup of a p-group is a p-group;

ii. the homomorphic image of a p-group is a p-group'

(b) Let G' be the commutator subgroup of a gloup G- Prove the following:

i. G is abeiian if and only if G' : {e}, where e is the identity element of G;

i. G' is a normal subgrouP of G;

Ll\. GIG' is abelian;

iv. if Ilisanormalsubgroupof Gthen GlHisabelianif andonlyif G'' H'

(a) Define the following terms as applied to a permutation gloup:

r. cycli,c of ord,er r;

1i. transposzti'on; :

ttt. szgnature. 'i

(b) Prove that the permutation gloup on zz symbols Sr is a finite gloup of order

t
n.1..

Is ,S' abelian for n > 2'l Justify your answer.

(c) Prove that every permutation in ,9r, can be expressed as a product of disjoint

cycies.

(d) Expiess the permutation,

/I t 2 3 4 5 6 7 s\
o: I I

\l b 7 4 2 8 L 6 )

as a product of disjoint cycles. Hence or otherwise determine whether o is even

or odd.


