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Q1. (a) State the necessary and sufficient condition for the ordinary dif-
ferential equation (ODE)

M(z,y)dz + N(z,y)dy =0 (1)
to be ezact. [10 Marks|
If

oM ON
il o P
5y~ oz + N p(z)

then show that e/ #®)4% is an integrating factor of the ODE (1).

[20 Marks|

Using the above result or otherwise find the general solution of
the following ODE

d 5
w(:r+y+1)£+y24:3wy+2y=0-

[40 Marks]
() Find the general solution of the nonlinear first-order Riccati equa-

tion given by

d
2?2 o 2zy + 2%y* = 0.
dz

[30 Marks]
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Q2. Let D=d/ de be a differential operator. Show that a particular integrs
of the ODE

(D —a)(D—b)y = P(x),

where @, b are arbitrary real constants and P(2) is an arbitrary functio
in its variable, is given by

g / elb—ak ( / Pe bz d:a:) dz.
[40 Marks

Using the above result or otherwise, obtain the general solution of th
following ODE:

(i) (D% — 3D +2)y = sine=:
(i) (D*-1y=(1+e=)2

[60 Marks
Q3. (a) Let & = ¢'. Show that
5 {2 ;
:(—ffﬂ i S
t [z
and
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1°— =D(D - 1)(D - 2),
dir '
d N _
where D = T 120 Marks
(il

Use the above results to find the general solution of the followiy

1

Cauchy-Euler differential equation
(z°D® + 2D — 1)y = 32,

where D = ji [40 Marks

da’
(b) Find the general solution of the following system of linear ODEs

(D? - 2)x — 3y = &%,
(D*+2)y + 2 =0.

[40 Marks

Q4. (a) Define what is meant by the point, 2 = z,, being
(i) an ordinary ;
(ii) a singular;

(iil) a regular singular



point of the ODE

'+ p(e)y + q(x)y = 0,
where the prime denotes differentiation with respect to z, and

p(z) and ¢(z) are rational functions.

[30 Marks]
(b) (i) Find the regular singular point(s) of the ODE

xy’ + (2~ 1)y — 2 = 0. (2)

(i) Use the method of Frobenius to find the general solution of
the equation (2).

[70 Marks]
5. (a) Solve the following system of ODEs:
) dx dy dz
. T ——— oy = 2
22yt — 24)  y(z* - 229 2(xt — y1)’
.. dx dy dz
(i1) = =
2=2yz—y? y+2 Y-z
[30 Marks]
(b) Write down the condition of integrability of the total differential
equation

P(z,y,2)de + Q(x,y,z) dy + R(z,y,2)dz = 0.

[5 Marks|
Hence solve the following equation

2(27° — 2) dx + 22%y2 dy+x(x + 2)dz = 0.

[15 Marks]
(¢) Find the equation of the integral surface satisfying the quasi-linear
partial differential equation ( PDE),
yp — 2xyq = 2z
which contains the curve @ = 0, 2 = ¢, (1<y<2). ¢

[30 Marks|

(d) Apply Charpit’s method or otherwise to find the complete and the
singular solution of the tollowing nonlinear first-order PDE

16p?22 + 9¢%% + 422 = 4.
J 5]
Here, p= -52 and g = EE

[20 Marks]



]

Q6. (a) (i) Find the Fourier cocflicients corresponding to the function

2z, i e
Jle) = 5 EREES, Period = 6.
0, -3 < <0,

(ii) Write the corresponding Fourier series.
(ili) State where the discontinuities of f() are located and to whal
value the series converges al these discontinuities.

(b) Use the finite Fourier transform to solve the following one-dimensid
heat equation

oo
Ot ox?

subject to the boundary and initial conditions

=10, 0 <Ll =0,

U(0,1) =0, U(4,t) =0, Ulz,0) = 2.

[40 Marks
(¢) (i) Define the gamma-function I'(z) and beta-function B{m,

where m, n are positive integers.

(i) Evaluate the integral
/ P dw
o V1-at

(You may use the following results without proof

20 Marks
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