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Q1. (a) State the necessary and sufficient condition for the differential
equation (D)

Mz, y)de 4+ Nz, y)dy =0
to be ezact. [10 Marks]
Prove that x%y® is an integrating factor of the DE

kydz + lzdy + 2%y® (myde + nady) = 0

if

e+l b+l . ate+l btd+d
kol m B no

where a, b, ¢,d, k(5 0),1(# 0), m(s£ 0) and n( 0) are constants.
Hence integrate the DE

dydx — 2xdy —Ii— 2*y H{10ydr — Bzdy) = 0.

i
&
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[50 Marks]

(b) Show that there are iwo values of the constant o for which o/ is
a solution of the Riccati’s equation

and hence obtain the general solution of the equation {1).

[40 Marks]



Q2.

Q3.

(a)

(b)

(a)

H BB s Z piD’, where D = d/dz is a differential operator

fizel}

and p;, 7 = 1,... n, are constants with po # 0, then prove the
following formulas:
L s 1 . : ;

() soae®® s L o o he e oongharm and F'{a) # 0

" F(D) F{a)

; 1 _ . . :
) —— ] € — V. where V is a function only of 2.
( P }:‘(D} !_,(D S (_}:) ! 1 ¢ u

130 Marks|
Find the general solution of the following DEs by using the results
in {a):
(1) (D= 1)y = (z+3)e:
fll) {Dz — 5+ 6}11 s ‘_.‘.{:3 62:5_
(30 Marks|

Show that
COs i — cos(J + By

(B+h)2 -2

15 & solution of the DI
: 5 )
(D* + 3%y = cos(F + h)x,
where 4 and A are constants.

Hence deduce the particular itegral of the DI

(D 4 8%y = cos Bz.

[40 Marks|

Prove, by induction or otherwise, that it T = z(d/dz) = 2D,
where [0 = d/dz, then
. (J{n't 3 . § .
"L = (T~ 1T = 2).. (T -+ )y,
dan : ' '
where 7 is a positive i_ui:t'zg%‘er.
Hence or otherwise show that the solution of the DE
b

#
2({‘?y dy . 5
Tae Ry

; N r » 1 o
y(r) = Az® + Bs® + &%)

where A and B are arbitrary conslants.

[70 Marks|
(You may use the following identities without proof:
(1) F(T)2™ = 2™ F(m):;




1 T T

i) ——e ™ = e -— provided F'(m 0, where 1 is some con-
{ ey }(1{-1‘) F(‘rr?’) - I ( ) # ! { b L
stant.)

(b} With D = d/dz, solve the following system of DEs

(5D +4)y — (2D +1)z = ¢*
(D+8)y—3z = Be™

[30 Marks]
Q4. (a) Define what is meant by the point, ‘r = x4, being
(1) an ordinary ;
(i) a singular,
(iil) a requiar singular
point of the DE
y' +pla)y +q(z)y =0,
where the prime denotes differentiation with respect to xz, and
p(x} and g(z) are rational functions.

[30 Marks]
b} (i) Find the regular singular point(s) of the DE
b) (i) Find t} rul gul { f the DE
9r%y" + 9z%y + 2y = 0. ' (2)

{i1) Use the method of Frobenius to find the peneral solution of
the equation (2).

[70 Marks|

Q5. (a) Solve the following system of DEs:

Q) dr  dy dz
) — =2 = :
R | 3 5z 4+ tan(y - 32)
O - da dz
(1]_) S O, s Jw _— e
Y+ z T+ T Ty
™S [30 Marks]
(b) Write down the condition of integrability of the total differential
equation _ g

Plz,y,2)dz + Qz,y, z) dy + R(x,y,z)dz = 0.

{5 Marks]
Hence solve the following equation

(y* + 2% — 2%y dz — 22y dy — 2czdz = 0. (3)

(You may use the integrating factor p = 1/a2? for equation (3).)

[15 Marks]



{¢) Find the general solution of the following linear first-order partial

(d)

(c)

differential equations:
(1) zp+ yg = 2;
(i) yp —2g = 4? — #2,
[30 Marks|
Apply Charpil’s method or otherwise to find the complete and
the singular solution of the following non-lincar first-order partial
ditferential equation

P yg + 22 2y* = (.

z dz

Here, p = a— and g = —

Jy .
120 Marks]
Show that the Fourier series of the function
He)=5® —wiady

can be expressed as

5 7 2 T( i
§ e e B Z il
3 - n?

|20 Marks]

(20 Marks|

Use Fourier transform to solve the one-dimensional heat equation
du Iy .
— 0, >0, t=>0

ot OzZ

subject to the conditions

'.‘.f..(Og If) =0 u(_;f:,(}} = {
and u(z, ¢) is bounded.

[40 Marks|

«i) Define the gamma-function Plx) and bela-function B (m, n),
where m, n are positive integers.




(ii) Eir_aiua;te;-the:mtegral

£ 1
e (.
/:; v1—zd

{You may use the following results without proof

B(m,n) (m)I*in)) and I ( ) V)

(20 Marks]
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