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SECOND EXAMINATION IN SCIENCE - 1994/95 & 95/46(Aug.’97)
REPEAT %
MT202 — METRIC SPACE AND RIEMANN INTEGRAS

Time: Two hours. ~

Answer four questions only.

1. Let (X, p) be a metric space and A, B be subsets of X. Define

(a) the closure A of A,
(b) the interior A of A,

(¢) the distance p(x, A) of x [rom A.
Prove that

AN B = A'n B,
(b) (A°U B°) C (AU B),
A= X\ A
D A () A0

¢) v € Ail and ounly if p(x,A) = 0.

(
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[lustrate by means of an example that equality does not necessarily hold in par: (b).

9. Let (X, p) be a metric space and A a subset of X.

Prove that

(a) if X is complete and A is closed then A is complete;

(b) il A is compact then A is closed and bounded;

(¢) every infinite subset of a compact set has a limit point;

(d) il f is a continuous function on a metric space (X, p), then image of a com:.pact

sel is compact.



3. Let (X, d) be a melric space and A € X. Define the statement that A e
subset ol X.
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(a) Prove that a metric space (X, d) is connected if, and only if the only no:: -empty
subset of X, which is both open and closed, 1s X itself.

[ence or otherwise prove that if A and B are connected subsets of ¢ metric
space (X, d) such that AN B # @, then AU B is connected.

(b) Prove that if {4/ € I} i a family of connected sets in X' whose inte section
is non-emiply, then U 44 1s connected, where [ is an indexing set.

e

4. Let f be a bounded function on [a,b]. Explain what is meant by the statemcat that
“f is Riemann integrable over [a,b]".

(a) With the usual notationg, prove that a bounded function f on [a,b] is Riemann
integrable if and only if for given € > 0, there exists a partition P of [a. 0] such
H.]E:LL

LR Flo= LR 7)) < &
(b) Prove that if f is continuous on [a,b], then
i. fis Riemann integrable over [a, b};
i, the lunction /7 : [a, b)) — R delined by F(z) = / f(t) dt is differ: 1tiable
o o] aud Flle) = fe) Yz € [a,b;

i, il ¢ : [a,0] — R is positive and Riemann integrable function ove: [a, ],
then there exists a point ¢ in [a, ] such that

[h (e)dlzide = Jlc b x) dz
[ 1@t & 1 [ 4(a) de
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5. Prove or disprove each of the [ollowing statements. Justify your answers.

(a) In a metric space the union of a collection of open sets is open.

(b) If [ : [a,b] = R is deline by

flag o 1 if z is rational,
W= 1 0 otherwise,

then f is Riemann integrable over [a, 0.
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/ ' dx converges ﬁbsokulcl\»

(d) the smallest closed set containing A.

6. Discuss the convergence of the following integrals.




