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Proper and Repeat

Answer all questions Timo: Three Loirrs

1. (a) i, Define ihe terms "Suprcmum" and "lnfirlurl" of a non-ernpt]' FLrbslrl:

oI lR,

ii. State the completeress property of ]R. i20]

(b) Prove that a lorver bould I of a orr-empty bounded belot' subsei 9 ol ]R

is the infimum of S if and only if for evety e > 0, therc exists j, a: ,9 sudr

thatr<l+€.
State the correspooding result fot supremurr I30l

i. Let Sr and 52 be Lwo non-empty bounded above subsets of R Niih

SupSl: at and SupS2 - rrr. For any positive rr:al mrrnbers a;rnrl l,

let the set dSL + ,S, be defined by,

aS\ + bS2 = Iux + hU I r € 51, y € Sr).

Prove the follolving:

A. The set aSr 165r is also bourrded abovc

B, Sup(oSr + 65z) : 641 -bo2 [3,r]

ii. Find rle suplpnrum ,rJ lnfimur,r ot ,t "'" { t I , . o} '"'[,r)
exist. [1t



z. (u) Deffne whai is meant by each of the following tcrms applicd to a sequ

of rcal nurnbers

i. bounded

ii. conver8ent

iii. monoto[e

(b) Prove that, a monotone sequence (c") of real numbers is.con

and onlY if ii is bounded'

(.) Let a sequence (2") be given by 
'?+t - rn - o" - o for all n 2 1

or > l, where o > 0 and I i6 the positive root of the quadratic

s2-x-a:0 Prove that

i. r" >lforalln e N

ii. (r,) is a strictly decreasiug sequence'

Deduce that (ro) converges and fltrd its limit'

3. (a) i. Let I : R + R be a function What is meant bv the

a linit , € R at a Poi t "o" (€ R)'

ii, Show thai if lim J(a) = i, then lT:U(')l = Itl'

Is the converse of this result true? Justify your answer'

(b) i. Letl: A(cR) -+ R, prove that lim l(a) : lr ilandonlyj

sequence (rn) in,4 witb a" + d' as n -) oo such that '" >

we have f(o") -+ 11 as n -l co

State the correspording result for Jf- /(") - tr'

Hence wdte the condition for the existance of lim l(a)

ii. Let 9 : R -+ JR be defined bv 9(r) =-+ - VceR

Provc rhat llqg(r) does not exi't'



a. (n) i. Milc the (r, 15) dcfinition of thc stal'crrrcrri thai .I I lR -)
continuotls at a point "o"(€ R).

ii. Shorv that, if J is continuous at 'o' aud /(o) < 0 thcn thcrc cxjsts a

d > 0 such that 3/(o) <2JQ) < J(o) fo: all e sir{isfvirrg lr; - nl < d

[40]

(i,) i. If /: lo, irl(( R) +

boundcd on fo, 0]

ls thc conveNc parl, true? Justify youl ansrvcr'

Discuss thc rcsult, if thc domain of /, [4,, ]'] is changccl to (o,l) ['10]

Sttrtc thc "lntcrrnediate valuc" thrvrlcnr'

Disc[ss thc coirtirruity of the furlct iolr .f : IR -l IR ou l'hc intorval [0, 2]

dcfincd by

"r(,) =
4 if :r)1
2 if ri<1.

[201

(Any rcsrrlts bhat uscd lvithout ptoof shotll<l be t:lcarly statccl)

(a) Siate thc Rollc's thcorcm and use it to prove thc "\4can vtrlllc" lhcorct .

If thc function / : iR I lR is continuous on [o]], diflcrcntiablc on (4, i')

anrl l'(o) = 0 Vz e [o, l], prove that J is a constant ftrnction on [o, ir]

b)

I50l

i. Let o < b < c and suppose ttrat / : (o, c) -r R is (lilTcrcntiablc Lcl

l'(0) > 0. Provc that if there exists d > 0 such lJrai,

0 < lc - bl < d thcn {/(r) /(il)} and (c l) htLvc thc sarnc siSn

Hence shorv that J(c) >/(r) if6<o<r+diurcl /(r:) < /(b), if

lR is continuoir-s orr ftr., ir] thcn Prolc ihll it is

b-6<x<b. [30]



ii. Lct okTcc, j: (o,c) + R bc twicc differentiablc, /'(lr) .

,1"(r) > 0. Shorv that if therc if exists a d > 0 such that

a' < r; < il+d,thcn /'(o) > 0 and hcncc that lor the salre d,

if 0 < r'< l, r J.rlrnrr /(.r) > /(l).

6. (a) Suppose that both rciil-\'alued functions J alcl g alc contiulious oll

dificrcntiable on (o,6) and 9'(o) I 0 V c € (o, ir).

Prove lihat, for sonre c e (o,6),

t'G) 
=

s'(c)

/(6) rtu)
slt') s\o)'

, /'(, )llm-
,-ae'(.r)

n J@) = 9@") - o for some d € (o,6), dcduce that

(b) Evaluatc

i. lim

ii. lirn

hc follorving
.-r.\/1.+1-r,

t limits

a2

- l\

-)

ii i. lim z


