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Answer all questions

Time : Three hours

1. (a) Let (¢,) be an increasing sequence of step functions on R such
that ( f gﬁn) is convergent. Prove from first principle that (¢,)

converges almost everywhere on R,
(b) Show that a subset £ of R is null if, and only if, there is an
Imcreasing sequence (@n) of step functions on R such that
i. im /f,-{'ﬂ < 0o and
ﬂ—mo.

i, forall z€E, ¢,(z) =00 as n - o0,



i
2. (a) Let f € L'Y(R). Prove that there exists a sequence (¢,) of step l
functions such that ¢,(z) — f( ) almost everywhere in R, and

that
/!f—¢n|ﬂ+0 as  n — 0o.
(b) Prove that the function z — f (z) coskz belongs to L'(R) for

each k£ € R, and that

lim ;‘( Jeoskz dr = 0.
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3. (a) Let f be a function which vanishes outside the interval la, b].
Prove that if f is bounded and if the points of discontinuity of
S form a null set then f € L(R).

(b) State the Monotone convergence Theorem in L*(R) and use it to

prove
3
i / e 17 gy = 2, and
— G
1 =
ol SR g
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4. State and prove the Dominated convergence theorem in 1! (R).

(Monotone convergence theorem may be assumed.)
Prove that, for 8 > —1,
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9. dtate Fubini’s Theorem and Tonnellj s theorem for Lebesgue integrable

function on R2,

(a) Prove that

f(z,y) = (z — sinz)y?e ¥ ¢ [} ((0,00) x (0, 00))

X2 —sing T
———dr =
Jo Z 4

(b) Let f:R?> - R be defined by

and deduce that

2 .9
floy) = (—;:-;%)—2 it (z,9) % (0,0)
= 0 it (z,y) = (0,0).

Does f € L'((0,1) x (0,1))? Justify your answer.

6. Define the term measurable function.

a) Prove that f:R — R is measurable if, and only if mid(—g, f, ¢
L g

Is integrable whenever ¢ is a non-negative integrable function.

(B) Let (fa) be a sequence of measurable functions on R . Let
J'R 5 R and f, —» [ almost everywhere. Prove that fis
measurable.

(¢) Let f: R — R be a measurable function and let ¢ € R. Prove that
{z €R | f(z) < ¢} is measurable.

(State without proof, any convergence theorem that you use.)



