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I. (@) If K is a closed convex subset of R®, then show that K. possesses a unique point of mintmum

NOIm.

(b) Show, if X 1s a uniformly convex Banach space and K =X is a closed convex set, that each

fe X has a unique best approximation p* from KL

trictly convex normed space and M X be a finite dimensional subspace. Prove

(c)LetXbeas
ximation from M. - [25+40+35=100]

that each fe X has a unique best appro

s En€ Clab] with g4, .., Ba linearty independent. Define

11. (@) Let fe Cla,b] and Teten
ve that for P = T ¢g; to be a best approximation, that 1s

x = (g1(%), - B09), x€ [a,b]. Pro
f_chgf has minisum norm, it 1s necessary

C1, €3, ..., Cq to be such that the residual 1=
i=1

and sufficient that 0 € Co{r(x) X : x€[ab] and [r(x)} = Jr|3-
(b) Let {g1, 82, .-, &n} form a Chebyshev system on [a,b]. Leta =Xg =% X< XS
and Ao, Ay, ..., Ay # 0. Prove that in order that 0 € Cof hoXy, i Xy, - X RS

necessary and sufficient that & n<0,j=012,...n 1. [55 +45 = 100]

5 -—ick Sirl(ls_;.r)]l dx = 1°/(2n).
k=1

IIL (a) Prove: 1DID -{:
€14€7--Cmt

(b) Define the modulus of continuity of f& Cax and, for fe Cy,, prove that

&l <BR)of F)n= 123

(¢) Let fe Corand 0 <a < 1. Prove that { satisfies the condition that, for some B > 0,

1fx) - fiy)l <Bx —yl", for all x,y € [0,2x] if there exists A > 0 such that
&Jf] <An®,nz= 1. [30 + 25 +45=100]

IV. (a) Let fe C[-1,1] and let k be a positive integer and let O < @ < 1. Assume that, for some
A>0, &Il < An**, n> 1. Show that f exists and is continuous in (-1,1) and, given

0 <& < 1, there exists B > 0 such that E(x) - ) <Blx —yf" , for all
xyel-1+3,1-38)

(b) Let X be the space of continuous functions f: {0,1] — R with inner product

3
(feg)= I fix)g(x)dx. Let M be a finite dimensional subspace of X with basis
0

0, > 0, distinct. Prove that the distance from x" (m 2 0)

2y
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(c) Let X be the inner product space of continuous functions f: [0,1] — R with inner product
; ;

(fg) = j fix)g(x)dx, and norm induced h}; the inner product. Let 1, 0,83, . be distinct

0

non-negative numbers. Show that o= { x™  x™ ..} is fundamental in X if and only

if Y 1o, = | [35 -+ 25 + 40 = 100]

j=l

-—a;x

_A

1! di
V.(a) Letd= F g’"ﬁ Show, forallb>a> 0 and ze C, thatjl

(b) Let fi{x) = [x], x e [-1,1]. Then prove that there exists C; such that % pSi= < < 8e™ 2

n=36. [5¢+ 50 = 100]

VL (a) Let. r > 1 and f be analytic inside the ellipse &, = {z=gp(w) = (lf?}(m + l/w) : |o| =r}. For
n > 1, let P, be the Lagrange interpolation polynomial of deg < n ~1 to fat xy,, ..., Xy, the
zeros of T, so that Po(x;,) = f{x;,), 1 <) <n. Let 1 <s <r. Then prove that there exists

C > 0 such that ‘f P <C/s",n>1

ML T

(b) If P 1s a polynomial of deg < n, show that [P(w)| < [w]" malx [P, o] = 1,
tti=

(¢) Let fe C[-1,1] and assume that, for some r > 1, limsup E,[f]'” < 1/r. Show that f is the

A=

restriction to [-1,1] of a function analytic inside &, [30 + 25 + 45(20+25) = 100]




