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i () Define the term group.

ii. Let H and K be two subgroups of a group G. Prove that HK is a subgroup of

iii. Let H and K be two subgroups of g group G. Is HUK g subgroup of 9 Justify

your answer.

&
iv. Let {Ho}aer be arbitrary family of subgroups of a group G. Prove that ﬂ H

: ; acf
18 a subgroup of G.




2. State and prove the Lagrange’s theorem for a finite group G.

(a) If every non-identity element of a group G has order 2, show that G is abelian.
p _

4
(b) Let z and y be elements of a group G'. Show that the element z~'yz has the same

order as y.

(c) Let x and y be elements of a group, with the order of z is 5. Show that if z° and Y

commute then z and y commute.

(d) Let G be a non-abelian group of order 10. Prove that G contains at least one element

of order 5.

L]

3. State the first isomorphism theorem.

Let H and K be two normal subgroups of a group G such that X C H. Prove that:

(a) K < H;

(b) H/K QG/K;
6/

() g =G/,

4. (a) Let G be a group and g;, g, € G. Define a relation “ ~." on G by
91~ g2 <> g € G such that g, = 9 tag.

Prove that “ ~ ” is an equivalence relation on G.
#

Given a € G, let I'(a) be denote the equivalence class of a. Show that:
&
i. |[D(a)l = |G : C(a)|, where C(a) = {z € G| az = za};
ii. a€ Z(G) & I(a)={a}, where Z(G) is the center of the group G.

(b) Write down the class equation of a finite group G. Hence or otherwise, prove that
the center of G is non-trival if the order of G'is p", where p is a positive prime

number.



0. (a) Define the term p-group.

Let G be a finite abelian group and let p be a prime number which divi ﬂhsthe order

of G. Prove that  has an element of order p. b il

(b) Let G’ be the commutator subgroup of a group G. Prove the following:

i. G is abelian if and only if G = {e}, where e is the identity element of .
ii. G'is a normal subgroup of G,

iii. G/G' is abelian,

6. (2) Define the term permutation as applied to a group.

1. Prove that the permutation group on n symbols, Sy, is a finite group of order
nl. |
Is S, abelian for n > 97 Justify your answer.

ii. Prove that the set of éven permutations A, forms g normal subgroup of S, .

Hence show that f is a cyclic group of order 2.
n

iii. Express the permutation o in Sy as g product of disjoint cycles, where
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